FANO VARIETIES WITH MANY SELFMAPS 
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Abstract. We study global log canonical thresholds on anticanonically embedded quasismooth 
weighted Fano threefold hypersurfaces having terminal quotient singularities to prove the exis- 
tence of a Kahler-Einstein metric on most of them, and to produce examples of Fano varieties 
with infinite discrete groups of birational automorphisms. 



1. Introduction. 

Let X be a Fano variet)0 of dimension n that has at most log terminal singularities 
Definition 1.1. The global log canonical threshold of the variety X is the number 

the log pair (X, XH^j has log canonical singularities 
for every effective Q-divisor H such that H = —Kx 



lct(X) = sup < A G 



> 0. 



It follows from [13], [TT], [6] that the Fano variety X has an orbifold Kahler-Einstein metric 
in the case when X has quotient singularities and the inequality lct(X) > n/(n + 1) holds^- 

Example 1.2. Let X be a general hypersurface in P(l 4 , 3) of degree 6. Then lct(X) = 1 by [12] . 

Quasismooth anticanonically embedded weighted Fano threefold hypersurfaces with terminal 
singularities are studied extensively in [5], [3], [2], [T]. In this paper we prove the following result. 

Theorem 1.3. Let X be a general quasismooth hypersurface in P(l, a\, . . . , 04) of degree Ylt=i a i 
having at most terminal singularities such that —K x 1. Then lct(X) = 1. 

The proof of Theorem 11.31 is algebro-geometric, but Theorem 11.31 implies the following result. 
Corollary 1.4. With the assumptions of Theorem \1.3l the variety X has a Kahler-Einstein metric. 

It follows from [5], [12] that Theorem 11.31 also implies the following result (see Theorem 16. 5p . 
Corollary 1.5. Let X±, . . . ,X r be varieties that satisfy all hypotheses of Theorem \1.3l Then 



Bir(Xi x ••• xXr) = /jjBir(Xi), Aut(Xi 



l 1 X • • • X Xr 

i=l 

the variety X\ is non-rational, and for any dominant map p: X\ x • • • x X r — ■ > Y 

whose general fiber is rationally connected, there is a commutative diagram 

Xi X • • • X X r a >■ Xi X • • • X X r 

1 

1 p 
y 

x h x • • • x x i k e * Y , 

where £ and a are birational maps, and ir is a projection for some . . . ,1^} C {1, . . . , r}. 

Unlike those of dimension three, no Fano varieties of dimension four or higher having infi- 
nite groups of birational automorphisms whose birational automorphisms are well understood 
have been known so far. However, we can now easily obtain the following example. 

Example 1.6. Let X be a general hypersurface in P(l, 1,4, 5, 10) of degree 20. Then it imme- 
diately follows from [5] , [3] and Corollary 11.51 that there is an exact sequence of groups 



Yl (z 2 * Z 2 ) — ► Birf X x ■ ■ ■ x x ) — ► S 



i=l 



■*"We assume that all varieties are projective, normal, and defined over C. 

2 The number lct(X) is an algebraic counterpart of the a-invariant introduced in [13] - 
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where Z2 * Z2 is the infinite dihedral group. 

The assertion of Theorem 11.31 may fail without the generality assumption. 

Example 1.7. Let A be a hypersurface in P(l, 1, 2, 6, 9) of degree 18 given by the equation 

w 2 = t 3 + z 9 + y 18 + x 18 C P(l, 1, 2, 6, 9) =S Proj (c[x, y, z, t, w]\ , 

where wt(x) = wt(y) = 1, wt(z) = 2, wt(i) = 6, wt(u>) = 9. The hypersurface A has terminal 
quotient singularities, and — K x = 1/6. Arguing as in the proof of Theorem 11.31 we see that 

lct(X) = sup|A £ Q the log pair (A, AD) is log canonical for every Weil divisor D E |— Kx\ |, 

which easily implies that lct(X) = 17/18 by Lemma 8.12 and Proposition 8.14 in [9]. 

Nevertheless, the proof of Theorem 1.3 in [5] and the proof of Theorem 11.31 can also be used 
to construct explicit examples of Fano threefolds to which Corollaries II. 41 and II. 51 can be applied. 

Example 1.8. Let X be a hypersurface in P(l,2, 2,3, 7) of degree 14 given by the equation 
• 2 - t A z + y 7 -z 7 + x 14 C P(l, 2, 2, 3, 7) ^ Proj (c[x, y, z, t, w}) , 



w 



where wt(x) = 1, wt(y) = wt(.z) = 2, wt(i) = 3, wt(w) = 7. The hypersurface X has terminal 
quotient singularities, and — K x = 1/6. Arguing as in the proof of Theorem 11.31 we see that 

let (A) = sup |A £ Q I the log pair (X, AD) is log canonical|, 

where D is the unique Weil divisor in | — Kx\- Then let (A) = 1 by Lemma 8.12 and Proposi- 
tion 8.14 in [9]. The threefold X has a Kahler-Einstein metric, and the group Bir(Ax A) is finite. 

The proof of Theorem 11.31 is based on the results obtained in [5] , [3] , [2] , [4] , but it is lengthy, 
because the hypotheses of Theorem 11.31 are satisfied for general members of 90 out of 95 familes of 
quasismooth terminal anticanonically embedded weighted Fano threefold hypersurfaces (see [7]). 

For the convenience of the reader, we organize this paper in the following way: 

• we prove Theorem 11.31 in Section [2] omitting the proofs of Lemmas 12.31 12.101 12.111 

• we prove auxiliary technical Lemmas 12.31 12.101 12.111 in Sections E2 [U [H respectively; 

• we consider one important generalization of Corollary 11.51 in Section [6j 

The author would like to thank J. Howie, J. Kollar, L. O'Carroll, J. Park, A. Pukhlikov, V. Sho- 
kurov and the referees for useful comments. The author is grateful to the IHES for hospitality. 

2. The proof of main result. 

Let A be a general quasismooth hypersurface in P(l, a±, 02, 03, 04) of degree d = Ym=i a « with 
terminal singularities, and let H £ {1, ... , 95} be the ordinal number of (a%, 02, as, 04) in the no- 
tation of Table 5 in [7], where a\ ^ 02 ^ 03 ^ 04. Then — K x ^ 1 <^=4> 1 ^ 6. 

We suppose that 3^6, but there is D G | — nKx\ such that (A, -D) is not log canonical, 
where n is a natural number. Then to prove Theorem 11.31 it is enough to derive a contradiction, 
because the class group of the hypersurface A is generated by the divisor —Kx- 

Remark 2.1. Let V be a variety, let B and B' be effective Q-Cartier Q-divisors on V such that 
the singularities of the log pairs (V, B) and (V, B') are log canonical, and let a be a rational 
number such that ^ a ^ 1. Then the log pair (V, aB + (1 — a)B') is log canonical. 

Thus, we may assume that D is an irreducible surface due to Remark 12.11 

Lemma 2.2. The inequality 11/ 1 holds. 

Proof. Suppose that n = 1. Then the log pair (A, D) is log canonical at every singular point of 
the threefold A by Lemma 8.12 and Proposition 8.14 in [9]. Thus, the equality a\ = 1 holds, 
because the linear system | — Kx \ consists of a single surface in the case when a\ 7^ 1. 

The equality a\ = 1 holds for 36 values of 1 € {6,7, . . . ,95}, but all possible cases are very 
similar. So for the sake of simplicity, we assume that 2 = 14. Then there is a natural double 
cover 7r: A — > P(l, 1, 1,4) branched over a general hypersurface F C P(l, 1, 1,4) of degree 12. 

Suppose that the singularities of the log pair (A, D) are not log canonical at some smooth 
point P of the threefold A. Let us show that this assumption leads to a contradiction. 
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Put D = tt(D) and P = 7r(P). Counting parameters, we see that mult p(F\q) ^ 2, which is 
a contradiction, because (D, \F\q) is not log canonical at P by Lemma 8.12 in [9]. □ 

Lemma 2.3. The log pair (X, \D) is log canonical at smooth points of the threefold X. 
Proof. See Section [3j □ 

Therefore, there is a singular point O of the threefold X such that (X, ^D) is not canonical 
at the point O. It follows from [7] that O is a singular point of type =(1, a,r — a), where a and r 
are coprime natural numbers such that r > 2a (see Table 5 in [7] for the values of a and r). 

Let a : U -^Xbea blow up of O with weights (1, a, r — a). Then 



^E 3 = -K\- —1 = Et=1 ai - —1 

H ra(r — a) 01020304 ra[r — a) 



(2.4) - K * = -K\--E* = -Kl 



where E is the exceptional divisor of a. There is a rational number [i such that 

D = a*(D) -pE= -nKu + (n/r - n)E 
where D is the proper transform of D on U. Then it follows from [8 J that fi > n/r. 
Lemma 2.5. The inequality —Kjj holds. 

Proof. Suppose that —Kjj < 0. Let C be a curve in E. Then the curve C generates an extremal 
ray of the cone NE(f7). Moreover, it follows from Corollary 5.4.6 in [5j that there is an irreducible 
curve r C U such that T generates the extremal ray of NE(£7) that is different from M^qC, and 

r = -K v ■ ( - bK v + cE 



where b > and c ^ are integers (see Remark 5.4.7 in [5]). 

Let T be a divisor in | — Kjj\. Then D ■ T is effective, because D ^ T. However we have 



D T = -Kjj ■ f - nK v + {n/r - u)E) £ NK(U), 
because [/, > n/r, b > 0, and c ^ 0. So we have a contradiction. □ 

Taking into account the possible values of (ai, 02, 03, 04), we see that 2 {75, 84, 87, 93}. 
Lemma 2.6. The inequality —Kjj ^ holds. 

Proof. Firstly, suppose that — K v = and 1 7^ 82. Then the linear system | — rKjj\ does not 
have base points for r ^> and induces a morphism n: U — > P(l, ai, 02) such that the diagram 

U 



-P(l,o 1 ,o 2 ) 

w 

is commutative, where tp is a natural projection. The morphism rj is an elliptic fibration. Thus 
D • C = -nK v ■ C + (n/r -fi)E-C= (n/r - u)E ■ C < 0, 

where C is a general fiber of 77, which is a contradiction. 

Suppose that — K v = and 3 = 82. Then X is a hypersurface in P(l, 1, 5, 12, 18) of degree 36, 
whose singularities consist of two points P and Q of types 2, 3) and |(1, 1, 5), respectively. 

We see that either P = O, or Q = O. The hypersurface X can be given by the equation 

6 

z 7 y + (z, V, z, t) = C P(l, 1, 5, 12, 18) Proj (c[x, y, z, t, w]) , 

i=0 

where wt(x) = wt(y) = 1, wt(z) = 5, wt(i) = 12, wt(w) = 18, and fi is a quasihomogeneous 
polynomial of degree i. Then P is is given by the equations x = z = t = w = 0. 

Suppose that Q = O. Then the linear system | — rKu\ has no base points for r>0, which 
leads to a contradiction as in the case when 2 7^ 82. So we see that P = O. 

Let S be the proper transform on U of the surface that is cut out on X by y = 0. Then 

S = a*{-K x )-j;E, 
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and the base locus of the pencil | — K\j\ consists of two irreducible curves L and C such that 
the curve L is contained in the a-exceptional surface E, and the curve tt(C) is the unique base 
curve of the pencil | — K x \. Then —Kjj ■ C = —1/6 and —Kjj ■ L > 0. We have u ^ n/5 due to 

n/5- /i = (-Ku + a*(-5K x )) ■ S ■ D ^ 0, 

because it follows from Lemma 8.12 and Proposition 8.14 in [9J that D ^ S. However we know 
that the inequality u > n/5 holds by [8]. So again we have a contradiction. □ 

Thus, taking into account the equality 12.41 and possible values of (01,02,03,04), we see that 

2 jll, 14, 19, 22, 28, 34, 37, 39, 49, 52, 53, 57, 59, 64, 66, 70, 72, 73, 78, 80, 81, 86, 88, 89, 90, 92, 94, 95} 

by Lemma 12.61 So the assertion of Theorem 11.31 is proved for 32 values of (01,02,03,04). 

Lemma 2.7. The groups Bir(X) and Aut(X) do not coincide. 

Proof. Suppose that Bir(X) = Aut(X). Let S be a general surface in | — Kjj\. Then it follows 
from Lemma 5.4.5 in [5] that there is an irreducible surface T C U such that 

• the equivalence T ~ cS — bE holds, where c ^ 1 and 6^1 are natural numbers, 

• the scheme-theoretic intersection T ■ S is an irreducible and reduced curve T, 

• the curve T generates an extremal ray of the cone NE(£7). 

The surface T is easy to construct explicitly (see [5j), and the possible values for the natural 
numbers c and b can be found in [5]. The surface T is determined uniquely by the point O. 

Put T = a(T). Then it follows from Lemma 8.12 and Proposition 8.14 in [9] that the singu- 
larities of the log pair (X, -T) are log canonical. Therefore, we have D ^ T. 

Let V be the pencil generated by the effective divisors nT and cD. Then the singularities of 
the log pair (X, —V) are not canonical, which is impossible due to [5]. □ 

It follows from [5j and LemmaE2]that 2 {11, 21, 29, 35, 50, 51, 55, 62, 63, 67, 71, 77, 82, 83, 85, 91}. 

Lemma 2.8. The divisor —Kjj is nef. 

Proof. Suppose that —Kjj is not nef. Then it follows from [5] that 2 = 47 and O is a singular 
point of type 2, 3). The hypersurface X can be given by the equation 

3 

z 4 y + *72i-H {x, V, z, t) = C P(l, 1, 5, 7, 8) Proj (c[x, y, z, t, w]j , 
i=0 

where wt(x) = wt(y) = 1, wt(z) = 5, wt(i) = 7, wt(w) = 8, and /j is a general quasihomogene- 
ous polynomial of degree i. Let S be the surface on X that is cut out by the equation y = 0, 
and S be the proper transform of the surface S on the threefold U. Then 

S = a*(-K x )-^E, 

but the divisor —3Ku + a*(—5Kx) is nef (see pj). Thus, the inequality u ^ n/5 holds due to 

n/5-o= l(-3Ku + a*(-5K x )) ■ S ■ D > 0, 
because D ^ S. However we know that o > n/5. So we have a contradiction. □ 

Thus, the divisor —Kjj is nef and big, because —Kfj > by Lemmas 12.51 and 12.61 
Lemma 2.9. The inequality fj,/n — 1/r < 1 holds. 

Proof. We only consider the case when 2 = 58 and O is a singular point of type ^(1,3,7), 
because the proof is similar in all other cases (cf. Lemma l5.ip . Then X can be given by 

w 2 z + wf u (x, y, z, t) + / 24 (x, y, z, t) = c P(l, 3, 4, 7, 10) ^ Proj (c[x, y, z, t, 10]) , 

where wt(x) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 7, wt(w) = 10, and is a quasihomogeneous 
polynomial of degree i. Let R be the surface on X that is cut out by t = 0, and R be the proper 
transform of the surface R on the threefold U. Then 

R = a*(-AK X ) - 7 -E, 
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and (X, jR) is log canonical at O by Lemma 8.12 and Proposition 8.14 in [9]. Then R ^ D and 

s$ -K v R D = 4n/35 - 2/i/3, 
because — Kjj is nef. Thus, we have \x $S 6n/35, which implies that fi/n — 1/10 < 1. □ 
So the log pair (U, + {fi/n — l/r)E) is not log canonical at some point P G E, because 

K v + -D = ol*(k x + -d) + (l/r - ^/n)£. 
Lemma 2.10. T/ie threefold U is smooth at the point P. 

Proof. See Section HI □ 

Thus, the inequality multp(D) > n + n/r — [i holds. But it follows from [5j that 

• either d = 2r+Oj for some j, and there is a quadratic involution r G Bir(X) induced by O, 

• or d = 3r + a? for some j, and there is an elliptic involution r G Bir(X) induced by O, 

where d = Y^t=i a i- 

Lemma 2.11. The inequality d ^ 2r + a.,- oo/ds for every j G {1, 2, 3, 4}. 

Proof. See Section [5j □ 

Thus, it follows from [5| that there is j G {1, 2, 3, 4} such that d = 3r + aj. 

Remark 2.12. Let V be a threefold with isolated singularities, let B ^ T be effective irreducible 
divisors on the threefold V, and let H be a nef divisor on the threefold V. Put 

r 

B-T = Y, e i L i + A > 

where Lj is an irreducible curve, q is a non-negative integer, and A is an effective one-cycle 
whose support does not contain the curves L±, . . . , L r . Then Ya=i ■ Li ^ B ■ T ■ H . 

It follows from Lemma EH] that 2 G {7, 20, 23, 36, 40, 44, 61, 76} (see 0). 

Lemma 2.13. The case 2 G {7,20,36} is impossible. 

Proof. Suppose that 2 G {7, 20, 36}. Then a\ = 1, and it follows from Lemma f2.11l that O is a sin- 
gular point of type ^(1, 1, a>2 — 1)- Then | — rKjj\ induces a birational morphism a: U — > V such 
that o contracts smooth rational curves C\, . . . , Ci, and V is a hypersurface in P(l, 1, 03, 204, 304) 
of degree 604, where I = d(d — 04) ja$. Let T be the surface in | — Kjj\ that contains P. 

Suppose that P u' =1 Cj. Then it follows from the proof of Theorem 5.6.2 in [5] that there 
are natural number s > and a surface H G | — s2a4Kjj\ such that 

s2a 4 ( - nK\ - /i/(a 2 - 1)) = D - T ■ H ^ mult p(D)s > s(n + n/a 2 - fi)s, 

which is impossible, because \i > n/a2- So we may assume that P G C\. 

Put D ■ T = mC\ + A, where m is a non- negative integer, and A is an effective cycle such 
that the support of A does not contain the curve C\. The curve C\ is a smooth rational curve 
such that a*(-K x ) • Ci = 2/a 2 and £ • d = 2. 

It follows from [5] that there is a surface R G | — a3-fQy| such that i? contains C±, but i? does 
not contain components of the cycle A passing through the point P. Then 

03 ( — ni^x — /V( a 2 — 1)) = -R • A ^ multp(A) > n + n/a2 — fj, — m, 

which implies that m > a^n/a^ because \x > n/d2- Therefore, we have 

—dnKx ■ a(Ci) dn 

a^n/a^ < m ^ = 

0,1020,304 2010304 

by Remark 12.121 because — K x • ol{C\) = 2/02- The inequalities just obtained imply that 2 = 7. 

Let ip: X --■> P(l, 04,02) be a natural projection. The fiber of ip over ip{P) consists of two 
irreducible components, and one of them is C\. Let Z be the other component of this fiber. Then 

C\ = -2, d-Z = 2, Z 2 = -4/3 

on the surface T. Put A = rnZ + Q, where m is a non-negative integer and f2 is an effective 
one-cycle whose support does not contain the curve Z . Then 

4n/3 - 2n - 5m/3 = (Z + d) ■ Q > 3n/2 -fi-m, 
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and 4m/3 ^ 2m — 5n/6, because f2 • Z ^ 0. The inequalities just obtained immediately imply 
that the inequality fi ^ n/2 holds. So we have a contradiction, because fi > n/2. □ 

Hence, it follows from Lemmas 12.111 and 12.131 that 2 G {23,40,44,61,76} and d = 3r + a,-, 
where r = 03 > 2a and 1 ^ j ^ 2. Then X has a singular point Q of type i(l, a,f—a) such that 



ra(r — a) ra(r — a) ' 
where f = 04 > 2a and a G N. It follows from [5j that there is a commutative diagram 




where £, x, ^ are projections, 77 is an elliptic fibration, 7 is a weighted blow up of a point that 
dominates the point Q with weights (1, a,f — a), and a is a birational morphism that contracts 
smooth curves Ci, . . . , C\ such that V is a hypersurface in P(l, ai, 02, 204, 304) of degree 604, 
where I = d{d — Q4) / (pi^) ■ Let -L be a curve in |Op(i jaj1 — a ) 

(1)|, where-E^P(l,a,r-a). 
Lemma 2.14. Suppose that P ^ L. Then a > no(r + l)/(r 2 + or). 

Proof. There is a unique curve C G |Cp(i ja , r-a)(°)l such that P G C. Put Z)|„ = oC + Y = r/iL, 
where (5 is a non-negative integer and T is an effective cycle such that C (£. Supp(T). Then 

(rfi — a5)/(r — a) = (r/i — a5)L ■ C = C ■ T ^ multp(Y) > n + n/r — a — 5, 
which implies that \i > na(r + l)/(r 2 + ar), because 5 ^ ru/a. □ 
Let T be a surface in | — Kjj\. Then —Kjj - T ■ D ^ 0, which implies that fi ^ —na(r — a)K\. 
Lemma 2.15. The point P is not contained in the surface T. 

Proof. Suppose that P is contained in the surface T. Then P is not contained in the base locus 
of the pencil | — a\Ku\, because the base locus of the pencil [ — a\Ku\ does not contain smooth 
points of the surface E. The point P is not contained in the union u' =1 Cj, because P G T. 
The proof of Theorem 5.6.2 in [5j implies the existence of a surface H G \—s2a\a4 : Ku \ such that 

s2aia4( — nK\ — iija<i) = D ■ H ■ T ^ multp(l))s > s(n + n/r — /x)s, 

where s is a natural number, which is impossible, because fi > n/r. □ 

We have Tie ~ 0p(i, a ,r-a)(l)- Thus, taking into account that 2 G {7,20,23,36,40,44,61,76}, 
we see that 2 G {23,44} by Lemmas 12.141 and 12.151 because fi ^ —na(r — a)K^. 
Let 5 be a surface in | — a\Ku\ that contains P. Then D ^ S, because [i > n/r. 

Lemma 2.16. The point P is contained in u' =1 Cj. 

Proof. Suppose that P U l i=1 Ci. Then the proof of Theorem 5.6.2 in [5] implies that 

s2aia4( — nK\ — ^/a 2 ) = D ■ H ■ S ^ multp(l)),s > s[n + n/r — /i)s 
for some s G N and a surface H G | — s2a^Kij\, which is impossible, because ^ > n/r. □ 

We may assume that P G C\. Put D • S = mC\ + A, where m is a non-negative integer, 
and A is an effective cycle whose support does not contain C\. Then it follows from Remark l2.12l 
that the inequality m ^ nd/(a2d — 0203) holds, because —Kx ■ a{C\) = (d — 03)7(0304). 

It follows from the proof of Theorem 5.6.2 in [5] that there is R G | — s2a4-?Qy| such that 

s2ai04( — nK x — ^i/a-2) = R ■ A ^ multp(A)s > s(n + n/r — \i — m), 
where s G N. However we have m ^ nd/(a2d — 0203), which implies that 2 = 23. 
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Therefore, we proved that X is a hypersurface P(l, 2, 3, 4, 5) of degree 14 and is a singular 
point of type 1,3). Let M be a general surface in the linear system | — 3Kx\ that passes 
through the point P. Then S ■ M = C\ + Z\, where Z\ is a curve such that —Ky ■ Z\ = 1/5. Put 

D ■ S = mCi + mZ x + T, 

where in is a non-negative integer, and T is an effective cycle, whose support does not contain 
the curves C\ and Z\. Then m < 7n/15 by Remark 12.121 But \i > re/4 and 

7n/W - 6/i/3 - 3m/5 = M ■ T ^ multp (T) > 5n/4 -fi-m, 

because P tfL Z\. The inequality obtained implies a contradiction. 
Therefore, the assertion of Theorem 11.31 is completely proved. 

3. Non-singular points. 

In this section we prove the assertion of Lemma [2.31 Let us use the assumptions and notation 
of Lemma 12.31 Take an arbitrary smooth point P of the threefold X. 

Lemma 3.1. Suppose that 04 divides d, a% 7^ 02, and —a2a^K x ?J 1. Then multp(D) ^ n. 

Proof. Suppose that multp(D) > n. Let L be the base curve of | — a\Kx\, and T be a surface 
in the linear system | — Kx\- Then D ■ T is an effective one-cycle, and multp(L) = 1. 

Suppose that P € L. Let R be a general surface in | — a\Kx\- Put D ■ T = mL + A, where 
m is non-negative integer, and A is an effective cycle whose support does not contain L. Then 

-ai(n - aim)K x = D ■ T ■ R - mR ■ L = R ■ A ^ multp (A) > n — m, 

which is impossible, because —a\K x ^ 1. Thus, we see that P ^ L. 
Suppose that P G T. It follows from Theorem 5.6.2 in [5] that 

ns ^ —saia^nKx = D ■ S ■ T ^ multp (D)s > ns 

for some s £ N and some surface S G | — sa\azKx\- Hence, we see that P $ T. 

Let G be a general surface in | — a2Kx\ that contains P. Then G ■ D is an effective cycle, but 
it follows from Theorem 5.6.2 in [5] that there are s £ N and H G | — so^iTx! such that 

ns ^ — sa2a%nKx = D ■ H ■ G ^ multp (-D)s > ns, 

because —a2a%K x ^ 1. So we have a contradiction. □ 

Lemma 3.2. Suppose that 04 divides d, 1 = a\ 7^ a2> a^rf — Gte-ftTy ^ 1- T/iere multp(-D) ^ n. 

Proof. Suppose that multp (D) > n. Then arguing as in the proof of Lemma |3.1| we see that 
the point P is not contained in the base curve of the pencil | — Kx\- 

Let T be a general surface in | — Kx \ that contains P. Then Theorem 5.6.2 in [5] implies that 
there are s 6 N and S 6 | — sa^Kx | such that ns ^ -sa 3 nK x = D-S-T ^ mult P (D)s > ns. □ 

Lemma 3.3. Suppose that a\ 7^ 02 and —aia^K^ ^ 1. Then multp(-D) ^ n. 

Proof. Suppose that multp(D) > n. The proof of Lemma [321 implies that a\ 7^ 1. Arguing as in 
the proof of Lemma 13.11 we see that P is not contained in the unique surface of | — Kx \ ■ 

Let S be a surface in | — a\Kx\ that contains P. Then we may assume that multp (S 1 ) ^ a\, 
because P^T and X is sufficiently general. Thus, we have S ^ D. 

It follows from Theorem 5.6.2 in [5] that there are s£N and H G | — sa^Kx | such that H has 
multiplicity at least s > at P and contains no components of D ■ S passing through P. Then 

ns ^ — saia^nKx = D ■ S ■ H ^ multp (-f)s > ns, 
because —0104^^ ^ 1. So we have a contradiction. □ 
Taking into account the possible values of (ai, a2, 03, 04), we see that multp (D) ^ n whenever 
3 |6, 7, 8, 9, 10, 12, 13, 14, 16, 18, 19, 20, 22, 23, 24, 25, 32, 33, 38} 
by Lemmas 13.1} 13.21 13.31 The log pair (X, ^D) is log canonical at P if multp(L>) ^ n (see [§]). 
Lemma 3.4. Suppose that 2 = 18. Then {X, -D) is log canonical at P. 



s 
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Proof. Suppose that the log pair (X, ^D) is log canonical at the point P. Let us show that this 
assumption leads to a contradiction. Note that the inequality multp(-D) > n holds. 

The threefold X is a hypersurface in P(l, 2, 2, 3, 5) of degree 12, whose singularities consist of 
six points of type Jj(l, 1, 1), and a point O of type i(l, 2, 3). It follows from [2] that the diagram 

U" W 



X --P(l,2,2) 

w 

commutes, where a is a weighted blow up of the point O with weights (1, 2, 3), (3 is a weighted 
blow up with weights (1, 1, 3) of a singular point of type |(1, 1, 2), and n is an elliptic fibration. 

Let C be a fiber of the projection ip that passes through the point P, and L be its irreducible 
reduced component. We have —Kx ■ C = 4/5. But the number —5Kx ■ L is natural if L contains 
no points of type |(1, 1, 1). Then C = 2L whenever C contains a point of type 1, 1). 

Let T be the surface in | — Kx\, and let S and S be general surfaces in | — 2Kx\ that passes 
through the point P. Then S and S are irreducible and S D L C S, but S ^ D ^ S. 

Suppose now that L is contained in T. Then C = 2L and — Kx ~L = 2/5, but the singularities 
of the curve L consists of at most double points. Put D\t = mL + T, where m is a non-negative 
integer, and T is an effective cycle whose support does not contain L. Then 

2n/5 - 4m/5 = 5 • T ^ mult P (T) ^ multp(JD) - multp(L) > n - 2m, 

which implies that m > n/2. But m ^ n/2 by Remark 12.121 which implies that L <jLT. 

Suppose that C = L. Then multp(L) 2. Put D ■ S = mC + T, where m is a non-negative 
integer and T is an effective cycle whose support does not contain C. Then 

4n/5 - 8m/5 = S ■ t > multp(t) > n - 2m, 

which implies that m > n/2. But m ^ n/2 by Remark 12.121 which implies that C ^ L. 

The curve L does not pass through a point of type ^(1, 1, 1), and it follows from the generality 
of the threefold X that C = L + Z , where Z is an irreducible curve such that Z ^ L. 

Put D\ s = mLL + mzZ + VL, where mi, and mz are non-negative integers and VL is an effective 
cycle whose support does not contain L and Z. We may assume that — Kx • L ^ — Kx • Z, which 
implies that either — Kx • L = 1/5 and —Kx ■ Z = 3/5, or — Kx ■ L = —Kx ■ Z = 2/5. 

Suppose that — Kx ■ L = 2/5. Then L and Z are smooth outside of O, and 

4n/5 — 4m^/5 — 4m^/5 = S\ s ■ ft ^ multp(ri) > n — m^ — mc, 

which implies that mi + mc > n. But mi + mc ^ n by Remark 12.121 

Thus, we have — Kx • L = 1/5. The hypersurface X can be given by an equation 

w 2 z + wg(x, y, z, t) +h(x,y,z,t) = C P(l, 2, 2, 3, 5) = Proj (c[x, y, z, t, w]\ , 

where wt(x) = 1, wt(y) = wt(z) = 2, wt(t) = 3, wt(w) = 5, and g and h are quasihomogeneous 
polynomials of degree 7 and 12, respectively. 

Let R be a surface on the threefold X that is cut out by z = 0, and let R and Z be proper 
transforms of R and L on U, respectively. Then R ■ L < 0, which implies that L (Z R D Z , and 
the curve L is contracted by the projection X — -> P(l, 2, 2, 3) to a point. 

Let Z be the proper transform of the curve Z on the threefold U, let 7r : -R — > i? be a birational 
morphism induced by a, and let E be the curve on the surface R that is contracted by %. Then 

L 2 = — 1, L ■ Z = L ■ E = 1, Z 2 = -1/3, Z 2 = -35/6, Z • £ = 4/3 

on the surface R, which implies that L 2 = —29/35, L- Z = 43/35, Z 2 = —1/35 on the surface R. 
Suppose that P G L n Z . Then m^ + 3mp ^ 5n by Remark 12.121 but 

n/5+29mL/35— 43mz/35 = £l-L > n—m^—mz, 2n/5— 43mi/35+m^/35 = £l-Z > n—mi—mz, 

which leads to a contradiction. Hence, either L B P ^ Z, or Z 3 P L. 

Suppose that Z 3 P L. Then Q • Z > n — mz and 17 • L 0, which implies a contradiction. 
Thus, we see that L 3 P g" Z . Then we have 

n/5 + 29m L /35 - 43m z /35 = Q- L> n-m L , 2n/5 - 43m L /35 + m z /35 = n ■ Z > 0, 
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which implies that mi, < re. Now it follows from Theorem 7.5 in [9] that the log pair 

R,L + ^C + ^ 

re re 

is not log canonical at the point P. Then multp(r2|^) > n by Theorem 7.5 in [9j, which implies 
that the inequality Vt ■ L > n holds. The inequality £1 ■ L > n leads to a contradiction. □ 

Lemma 3.5. Suppose that 2 = 6. Then multp(D) n. 

Proof. Suppose that multp(D) > re. It follows from [2 J that the threefold X has two quotient 
singular points 0\ and O2 of type i(l, 1, 1) such that there is a commutative diagram 



P(l,l,l,4) -P(l,l,l), 

where £, ip and x are projections, a is a blow up of 0\ with weights (1, 1, 1), 7 is a blow up with 
weights (1, 1, 1) of the point that dominates O2, f] is an elliptic fibration, u is a double cover, 
and a is a birational morphism that contracts 48 irreducible curves C\ , . . . , C48 . 

The threefold U contains 48 curves Zi, . . . , such that a(Zi) U a(Ci) is a fiber of ifi over 
the point ip{Ci). Put Z{ = a(Z{) and Ci = a(C{). Let L be a fiber of the projection ij) that passes 
through the point P, and let T\ and T2 be general surfaces in | — Kx | that contain P. 

Suppose that L is irreducible. Put D-T\ = mL + T, where m is non-negative integer and T is 
an effective cycle whose support does not contain L. Then m ^ n by Remark 12. 121 But 

n — m = D ■ T\ ■ T2 — mT2 • L = T2 ■ A ^ mult p ( A) > n — mmult p (L) , 

which implies that L is singular at the point P. Then there is a surface T £ | — Kx \ that is singular 
at the point P. Let S is a general surface in | — 2Kx \ that contains P. Then 

2n = D ■ T ■ S ^ mult P (L> • T) > 2n, 

which is a contradiction. Hence, the curve L is reducible. 

We have L = Ci U Z%. Put D\t± = vn\Ci + rri2Zi + A, where m\ and 7712 are non-negative 
integers and A is an effective cycle whose support does not contain Ci and Z^. 

In the case when P £ Ci D Zi, there is T € | — Kx\ such that T singular at P, and we can 
obtain a contradiction as above. So we may assume that P € Cj and P £ Zi. Then 

n — m\/2 — m.2/2 = (Ci + ZA ■ A multp(A) > n — mimultp(Cj) = n — mi, 
because Ci is smooth. Hence, we see that mi > mi. But we have 

n — mi ^ A • Zi = re/2 — miC{ ■ Z{ — m^Z^ = re/2 — 2rrei + 3rei2/2 < re/2 — rrei/2, 
which gives mi > 771,2 > re. But mi +m2 ^ 2re by Remark 12. 121 So we have a contradiction. □ 
Arguing as in the proofs of Lemmas 13.41 and 13.51 we see that (X, —D) is log canonical at P for 
2 G {7, 8, 9, 10, 12, 13, 14, 16, 19, 20, 22, 23, 24, 25, 32, 33, 38} , 
which completes the proof Lemma [ 



4. Singular points. 

In this section we prove the assertion of Lemma f2.101 Let us use the assumptions and notation 
of Lemma 12.101 Suppose that P is a singular point of U. Let us derive a contradiction. 

The point P is a singular point of type 4(1, a, f — a), where a and r are coprime natural 
numbers such that r > 2a. Let (5: W — > U be a blow up of P with weights (1, a, f — a). Then 

1 1 
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Let D be the proper transform of D on W . There is a rational number u such that 

D = (a o - nKx) - (E) - vG, 
where G is the /3-exceptional divisor. Then 

K w + -t) + (///ra - l/r)E = (3* {Kjj + —D + (/i/n - 1 /r) - eG = -eG, 
n \ n J 

where E is a proper transform of E on the threefold W, and e € Q. Then e > due to [8]. 
Lemma 4.1. TTie inequality —K w ^ holds. 

Proof. Suppose that —K w = 0. Then it follows from [2] that the linear system | — rKw\ induces 
an elliptic fibration r\: W —*Y for r>0. Then ^ D ■ C = —eG ■ C < 0, where C is a general 
fiber of the elliptic fibration r\. So we have a contradiction. □ 

Thus, it follows from [2] that either — K w < 0, or —Kw is nef and big. 

Lemma 4.2. Suppose that —K w < 0. Then —Kw is not big. 

Proof. Suppose that —Kw is big. Then it follows from [2] that we have the following possibilities: 

• the equality 2 = 25 holds, and O is a singular point of type y(l,3, 4); 

• the equality 3 = 43 holds, and O is a singular point of type g(l, 4, 5); 

but both cases are similar. So we assume that 2 = 43. Then — Kw — ^P*(Ku) is nef (see [2]), 
and there is a surface H in the linear system | — 2Kx \ such that 

H = (a o 0)* ( - 2K X ) - ^P*(E) - ^G, 

where H is a proper transform of the surface H on the threefold W . Thus, we have 

< H ■ D ■ ( - K w - 4,f3*(Ku)^ = 5n/9 - lLu/4 - u, 
which is impossible, because v — n/3 + 3/i/4 = ne > and fi > n/9. □ 
Let T be a surface in | — Kx\, and V be the pencil generated by the divisors nT and D. Then 
(4.3) B = -nK w = (ao(3)*(- nK x ) - -(3* (E) - -G, 

where B is the proper transforms of the pencil V on the threefold W. 
Lemma 4.4. The divisor —Kw is nef and big. 

Proof. Suppose that the divisor — Kw is not nef and big. Then — K w < 0, but — Kw is not big 
by Lemma I4.2L Then the equivalence 14.31 almost uniquely determine^ the pencil V due to [4] . 

All possible cases are similar. So we assume that 2 £ {45, 48, 58, 69, 74, 79}. Then O is a sin- 
gular point of type ^-(1, 01,03), and X can be given by an equation 

w 2 z + wf(x,y,z,t) + g(x,y,z,t) = C P(l, a x , a 2 , a 3 , a 4 ) = Proj (c[x, y, z, t, to] 

where wt(x) = 1, wt(y) = ai, wt(z) = wt(i) = 03, wt(w) = 04, and / and g are polynomials. 

Let S be a surface that is cut out on the threefold X by z = 0, and A4 be a pencil generated 
by the divisors a 2 T and S. Then it follows from [3] that either V = M, or V = j — a\Kx\- 

Suppose that V = \ — a\Kx\- Then \i = n/a±, which is impossible, because fi > n/a^. 

We see that V = M.. Let M be a divisor in A4, and M be its proper transform on U. Then 

M = a* (M) - —E 

' 04 

in the case when M / 5, but /i > 71/04. Thus, we see that D = S, but (X, ^S) is log canonical 
at the point O by Lemma 8.12 and Proposition 8.14 in [9], which is a contradiction. □ 

Taking into account the possible values of (a\, a 2 , 03, 04), we see that 

2 G {8, 12, 13, 16, 20, 24, 25, 26, 31, 33, 36, 38, 46, 47, 48, 54, 56, 58, 65, 74, 79} 
by Lemmas SU and WM (see ) . 



For example, it follows from [4] that the equivalence 14.31 implies that n = 1 in the case when a± 
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Lemma 4.5. The case 2 {12, 13, 20, 25, 31, 33, 38, 58} is impossible. 

Proof. Suppose that 2 {12, 13, 20, 25, 31, 33, 38, 58}. Then r = 04, r — a = CI3, f = r — a, a = a, 
and ne = v — (f — a)(n/r — /i)/r — ra/f. We may assume that H 7^ 24, because the case 2 = 24 can 
be considered in a similar way. Then X can be given by the equation 



+ wf(x,y,z,t) +g(x,y,z,t) = C P(l, ai, a 2 , a 3 , 04) = Proj (C[x, y, 2, t, tu] J , 



w 2 z 

where wt(x) = 1, wt(y) = a, wt(z) = d — 2a^, wt(t) = 03, wt(w) = 04, the point O is given by 
the equations x = y = z = t = 0, and / and g are quasihomogeneous polynomials. Then 

R = (a o p)* ( - a 2 iO0 - (#) - 1 —z—G, 

where -R is a proper transform on W of the surface cut out on X by z = 0. Then D ^ R, and 

n^-4^4-^4 = -^.D.i?^0, 
010304 a(r — a) a(r — aj 

which implies that [i < n/r, because e > 0. However we know that fi > n/r. □ 

So, the divisor —Kw is nef and big, and 2 € {12, 13, 20, 25, 31, 33, 38, 58}, which implies that 

r = 04, r — a = 03, a = a\, f — a = 02, a 2 7^ 03, ne = ^ + (r — 2a)\x/(r — a) — 2n/r 

due to [2]. Then has a singular point P 7^ P of type 4(1, a, f — a) such that the diagram 

P 7 
f/^ V 

v 

X >P(1,01,02) 

commutes, where ^ is a natural projection, 7 be a blow up of the point P with weights (1, a, f—a), 
and 77 is an elliptic fibration. Let F be the exceptional divisor of 7, and G be the proper transform 
of the divisor G on the threefold V. Then F and G are sections of r\, and G P £ E. 

It follows from the inequality —Kw ■ D ^ and the proof of Lemma 12.91 that e < 1, which 
implies that the log pair (W, \D + (fi/n — l/r)E + eG) is not log canonical at some point Q G G. 

Lemma 4.6. ITie threefold W is smooth at the point Q. 

Proof. Suppose that W is singular at the point Q. Then Q is a singular point of type 4(1, 1, r— 1), 
where either r = f — a, or r = a 7^ 1. Let w : W — ► W be a blow up of Q with weights (1, 1, f — 1), 
and 7i be the proper transform of V on W. Then it follows from [8] that 7i = —nK^, which 
implies that n = rfj, = a\ due to However we know that fi > n/r. □ 

Thus, it follows from Lemma 14.61 that multQ(-D) > n — ne — (u — n/r)multQ(E). 
Lemma 4.7. There is a surface T E | — Kw\ such that Q £ T. 

Proof. The existence of a surface T G | — that passes through the point Q is obvious in 
the case when a\ = 1. Thus, we may assume that ai 7^ 1. Then 2 € {33, 38, 58}, but we consider 
only the case 2 = 38, because the cases 2 = 33 and 2 = 58 can be considered in a similar way. 

Suppose that 2 = 38. Then there is a unique surface T G | — 2<fw|. Suppose that Q g" T. 

Arguing as in the proof of Lemma f2. 141 we see that multg(Z)) ^ (01 + a-i)v/a\. Then 

^01 — 02 >n _<_ n , 7 \ _( v + 3^ / 5 _ 2n /7) 

but multg(Z)) > n + n/r — n — ne. Thus, we have /i > 55n/56 — bv/2. 

The inequality — i^v^'-D ^ and the proof of Lemma [2 .91 imply that v ^ 10/i/7 and (i ^ 9n/40, 
respectively. The hypersurface X can be given by the equation 

w 2 y + w(t 2 + £/ 5 (x, y, z) + /i (x, y, z) ) + t/i3 V, z) + f 18 (x, y, z) = C Proj (c[x, y, z, t, w]^j , 
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where wt(x) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 5, wt(w) = 8, and fi(x,y,z) is a quasihomoge- 
neous polynomial of degree i. Let S be the proper transform on the threefold W of the surface 
that is cut out on X by the equation wy + (t 2 + tfs(x, y, z) + fio(x, y, z)) = 0. Then 

but S ^ D. The divisor —Kw is nef. Hence, we have 

^ -D- S = 3n/4 - 6^/5 - 13i//6, 

but v ^ 8/i/5, which implies ^ ^ 9n/35. Now we can easily obtain a contradiction. □ 

It follows from [2 J that | — rKw\ does not have base points for r>0 and induces a birational 
morphism u: W —> W such that W is a hypersurface in P(l, a\, a,2, 203,303) of degree 603 

Lemma 4.8. The morphism lo is not an isomorphism in a neighborhood of the point Q. 

Proof. Suppose that 10 is an isomorphism in a neighborhood of the point Q. Then it follows 
from the proof of Theorem 5.6.2 in [5] that there is R € | — s2a\a$Kw\ such that multg(-R) s, 
but R does not contain components of the cycle D ■ S that pass through Q, where s € N. Then 

s2as( — na\K x — /V a 3 ~~ v / a 2) = R - b - T ^ multg(Z) -T)s > {n — v — pk{a% — a{]/a^ + 271/04) s, 

because Q S - E. Now we can derive a contradiction using ne = + (03 — oi)/j/o3 — 2n/a4 > 0. □ 

It follows from Lemma 14.81 that there is a unique curve C dW that contains Q such that 

-K w -C = 0, (3*{-Ku) -C = I/04, C - G= 1, 

which implies that 2 {33, 38, 58} by Lemma O Hence, we have 3 G {12, 13, 20, 25, 31}. 

Put D T = mC + f2, where m is a non-negative integer, and O is an effective one-cycle, whose 
support does not contain the curve C. Then it follows from Remark 12.121 that 

m ^ 5n/4 — [/,, m ^ lln/15 — /i/2, m 13n/15 — //, m ^ 5n/7 — ///3, m ^ 2n/3 — /i 

in the case when 1 = 12, 13, 20, 25, 31, respectively. Recall that G is a section of 77. 

Let Tt be a pencil in | — a2-K"w| of surfaces passing through the point Q, and H be a general 
surface in Ti. Then C is the only curve in the base locus of TL that passes through Q. Then 

— na2K\ — 02/^/(0103) — vja\ = H ■ ft ^ multgffi) > n — v — [1(0,3 — oi)/o3 + 2n/a^ — m, 

which immediately implies that either 3 = 12, or 3 = 13. 

Lemma 4.9. JTie inequality 1 7^ 12 holds. 

Proof. Suppose that 3 = 12. Let R be a sufficiently general surface in | — 2K\y \ that contains 
the point Q. Then R\t = C + L + Z ', where L = G|t, the curve Z is reduced, and P j3(Z). 
Suppose that Z is irreducible. Then Z 2 = —4/3, C 2 = —2, L 2 = —3/2 on the surface T. Put 

D| T = m c C + m^L + mzZ + T, 

where mc, and are non-negative integers, and T is an effective one-cycle, whose support 
does not contain the curve C, L and Z. 

Suppose that Q E. Then > 2n/3 — mz/3, because 

5n/6 — 2fi/3 — u = R ■ D ■ T = rriL + mz/3 + R-T > rriL + mz/3 + 3n/2 — v — 2/j/3 — mi — mc, 

but 4m^/3 ^ 2mc — n/3, because T • Z ^ 0. Thus, we have 

m c > 2n/3 + m z /3 ^ 7n/12 + mo/2, 

which gives > 7n/6, but mc ^ 5n/6 by Remark 12.121 because — i^x • ct o /3(C) = 5/6. 
Thus, we see that Q e E. Then Cc£ and /3(C) G |Op(i, i, 3 )(l)|, but 

5n/6 — 2fx/3 — v = R ■ D ■ T = thl + mz/3 + R ■ T > mi + mz/3 + 7n/4 — v — 5^/3 — mi — mc, 
which gives mc > lln/12 — [i + mz/3. We have —Kx ■ ct o /3(Z) = 5/6 and Z ■ E = 2, but 

4m z /3 ^ 2m c + 2^ - 5n/6, 
because Z • T ^ 0. Thus, we have > 3n/2, but n/2 by Remark 12.121 
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Therefore, the curve Z is reducible. Then Q E E and Z = Z+Z, where Z and Z are irreducible 
curves such that G ■ Z = G ■ Z = -K v ■ (3{Z) = and -K x ■ a o 0{Z) = 7/12. Then 

Z 2 = -4/3, Z 2 = C 2 = -2, L 2 = -3/2, L-C = Z-C = Z-Z = Z-C=1, L- Z = L • Z = 

on the surface T. Put -D|^ = fhcC + m^L + mgZ + <I>, where rn-c", are non-negative 

integers, and <I> is an effective cycle, whose support does not contain C, L and Z. Then 

R\ T ■ $ ^ multg($) > 7n/4 - ^ - 5^/3 - m L - mc, 
and $ • Z ^ 0. We have /9*(-^)|t • $ > 0. Thus, we see that 

rhc > lln/12 — /u + fhz/3, Arhz/% ^ "ic + M — 5n/6, + // ^ 5/4 — %, 
but this system of linear inequalities is inconsistent, which completes the proof. □ 
Thus, we see that 1 = 13. Then C C E, because otherwise we have 

2^11n/30 - /u/6 - v/2) =HQ^ multQ(fi) > 7n/5 - u -/i/3 -m, 

which implies that m > 2n/3, which is impossible, because m ^ lln/15 — /x/2 and fi > n/5. Put 

D\ & = fhC + T, 

where fh is a non-negative integer, and T is an effective cycle, whose support does not contain 
the curve C. Then fh ^ 5///2, because we have /3(C) € |£Wi,2,3)(2)| and the curve C is reduced, 
where E = P(l,2,3). Then fh lln/12, because u ^ lln/30.' 

The log pair (W, —D + E + eG) is not log canonical at the point Q. Hence, the log pair 

g , + ,/3-2n/5 l 
n l£/ n 

is not log canonical at the point Q by Theorem 7.5 in [9j. Then 

5u/3 - v = (fhC + T) • C = T • C > 7n/5 -v- u/3, 

because multQ(T|c) > 7n/5 — v — fj,/3 by Theorem 7.5 in [9]. Thus, we see that fx > 7n/10, which 
is impossible, because /i ^ lln/30 < 7n/10. The assertion of Lemma f2. 101 is proved. 

5. Quadratic involutions. 

In this section we prove the assertion of Lemma [2.111 Let us use the assumptions and notation 
of Lemma l2.11i Suppose that d = 2r+a,-. To prove Lemma [2.11l we must derive a contradiction. 
It follows from the equality d = 2r + a,j that the threefold X can be given by the equation 

x 2 xj +Xif(x , x 1 ,x 2 ,x 3 ,x i ) + g(x ,xi,x 2 ,x 3 ,X4 t ) = C Proj (c[x ,xi,x 2 ,x-s, x A ]\ , 

where i ^ j, Oj = r, wt(xo) = 1, wt(xfc) = o&, / and g are quasihomogeneous polynomials that 
do not depend on x%. Put 03 = a3 + 4_j, 04 = OiOj, d = 204. Then there is a commutative diagram 

U -X 

1 

1? 
Y 

V Q *-P(l, 01,02,63, 04) - - - - - >P(l, ai,a 2 ,6 3 ), 

where £ and x are projections, and er is a birational morphism that contracts smooth irreducible 
rational curves Ci, . . . , Cj such that is a hypersurface in P(l, ai, 02, 63, 64) of degree d with 
terminal non-Q-factorial singularities, where I = ai(ij(d — ai) Yli=i a i- Then — Kx-a{Ck) = 1/oj. 

Let M be the surface that is cut out on the threefold X by Xj = 0, and M be the proper 
transform of M on the threefold U. Then M 7^ D by Lemma 8.12 and Proposition 8.14 in [9j. 

Lemma 5.1. T/ie inequalities \i ^ —ajnK\(r — a)a/(d — r) ^ n(d — r)/(ro,) /10W. 

Proof. The divisor — .fQy is nef. The inequality /i ^ —a,jnK\(r — a)a/{d — r) follows from 

< -Ku ■ M ■ D = -ajnK x -n(d-r)/( ar — a , 

and to conclude the proof we must show that —ajnK^(r — a)a/(d — r) ^ n(d — r)/(ra,j). 
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Suppose that —ajnK x {r — a)a/(d — r) > n(d — r)/(raj). Then 
d — r 3 (r — a) a daj(r — a)a 

^7 X. 7 = 1 \ j 

raj d — r [d — r) 01020304 

but 01020304 ^ ajr(r — a)a. Thus, we have (d — r) 2 < d(d — 2r), which is a contradiction. □ 

We have E = P(l, a, r — a), and |CWi, r _ a )(l)| consists of a single curve when a^l. 
Lemma 5.2. T/ie inequality holds. 

Proof. Suppose that a = 1. Taking into account the possible values of (oi, 02, 03, 04), we see that 

2 E {6, 7, 8, 9, 12, 13, 16, 15, 17, 20, 25, 26, 30, 36, 31, 41, 47, 54} , 

but we only consider the cases 2 = 7 and 2 = 36. The remaining 16 cases can be considered in 
a similar way. So the reader can easily obtain a contradiction in these cases by himself. 

Suppose that 2 = 7. Then X is a hypersurface in P(l, 1, 2, 2, 3) of degree 8, which implies that 
the point O is a singular point of type |(1, 1, 2). Let S be the unique surface in | — Kjj\ that 
contains the point P. Then S is an irreducible surface, which is smooth at the point P. 

The singularities of U consists of singular points Pq, P\, P2, P3 and P4 of type |(1, 1, 1) such 
that Po is a singular point of E. It follows from [2] that there is a commutative diagram 

ft 



X -P(l,l,2), 

where is a projection, (3- L is a blow of Pi with weights (1, 1, 1), and r\i is a morphism. 

Suppose that P u' =1 Cj. The proper transform of E on the threefold is a section of r/j in 
the case when i ^ 0. Hence, there is a surface ii" € | — 2-fQ/l such that 

2(2n/3 - fi/2) = D- H ■ S ^ mult P (Z)) > 4n/3 - /j,, 

which is a contradiction. So we may assume that P G C\. Then —Kx ■ ot{Ci) = 1/3. 
Let Z\ be an irreducible curve such that M\s = C\ + Z\. Put L = E\$. Then 

C\ = -2, Z\ = L 2 = -3/2, C x ■ Z x = L ■ d = 1, L ■ Z\ = 3/2 

on the surface 5". Put = mcC\ + mzZ\ + m^L + r2, where mc, m^ and mi are non-negative 
integers, and f2 is an effective cycle, whose support does not contain C\, Z\ and L. Then 

n - 3^/2 + 3m z /2 - 3m L /2 - m c = Z x ■ Q ^ 0, Sfi/2 - 3m z /2 + 3m L /2 - m c = L ■ Q ^ 0, 

which implies that 3mz/2 ^ 3(/j + mi)/2 + mc* — ^ and 3(/_i + tol)/2 ^ 3raz/2 + mc- Then 

4n/3 — fi — mi — rriz = (L + C\ + Zi) • f2 ^ multp(Sl) > 4n/3 — fi — — mc*, 

which gives mc > mz and 4n/3 ^ /j + + m^. So we see that mz ^ ti/2 and mc ^ ti/2. 
Then it follows from Theorem 7.5 in [S] that the log pair 

S, Ci + ^ + ^- n/3 L+^Z + ^ 
n ran 

is not log canonical at P, because mc ^ re. So it follows from Theorem 7.5 in [9] that 

Ci • O ^ mult p "^f2| Ci ^ >n-m£-/i + n/3, 

which implies that mc > mz/2 + n/2, but mc ^ n/2. So the case II = 7 is impossible. 

Now we suppose that 2 = 36. Then X is a general hypersurface in P(l, 1,4, 6, 7) of degree 18, 
and O is a singular point of type =(1, 1, 6). Arguing as in the case 2 = 7, we see that P u' =1 Cj, 
which implies that we may assume that P E C\. PutL = Ci. 

Let S be a surface in | — Kjj\ such that P 6 S. Then M\s = L + Z, where Z is an irreducible 
curve. Put C = E\$. Then the intersection form of C, L, Z on S is given by 

Z 2 = C 2 = -7/6, L 2 = —2, Z ■ L = C ■ L = 1, Z • C = 5/6, 
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and P is the intersection point of the curves L and C. Put 

D\ s = m^L + mcC + mzZ + SI, 

where wil, mc and mz are a non-negative integers, and SI is an effective cycle, whose support 
does not contain the curves L, C, and Z. 

It follows from the proof of Theorem 5.6.2 in [5] that we can find H €. \ — s6Kjj\ that has 
multiplicity at least s > at the point P, but does not contain components of SI that pass 
through the point P, where s is a natural number. Then 

s6(3n/28 — /i/6 — mc/6 — mz/6) = H\ s ■ SI ^ multp(0)s > {Sn/7 — [i — m^ — mc)s, 

which implies that ttil > n/2 + mz, but tul ^ 3n/4 by Remark 12.121 We have 

3n/28— n/G = -K u \ s -^m L L+mcC+mzZ+S^j ^ -Ku\ s -(m L L+mcC+mzZ^ = mc — mz , 

which implies that mc + mz ?S 9n/14 — /i. On the surface S we have 

7/i/6 + 7mc/6 — 5mz/6 — mi, = SI ■ C > 8n/7 — fj, — mp — mc, 

which implies that 13(/x + mc)/6 > 8n/7 + 5m^/6. The inequality SI ■ Z ^ implies that 

2n/7 — 5/u/6 — mp — 5mc/6 + 7mz/Q 0, 

which implies that 7m^/6 5///6 + mi + 5mc/6 — 2n/7, but ^ 3n/8 by Remark 12.121 
It follows from Lemma 15. II that 18n/77 ^ > n/7. The inequalities obtained 

' 13(/i + m c ) /6 > 8n/7 + 5m z /6, 

21n/48 ^ 7m z /6 ^ 5/i/6 + m L + 5m c /6 - 2n/7, 

mc + mz ^ 9n/14 — [i, 

3n/4 ^ mL > n/2 + m^, 

k 18n/77 ^ u> n/7, 

are inconsistent. So we have a contradiction. Thus, the case 2 = 36 is impossible as well. □ 
Taking into account the possible values of the quadruple (ai, 02, 03, 04), we see that 
2 G { 13, 18, 23, 24, 27, 32, 38, 40, 42, 43, 44, 45, 46, 48, 56, 58, 60, 61, 65, 68, 69, 74, 76, 79} 
by Lemmas 15.21 Let T be a general surface in | — Kjj\. Then T|p € |Cp(i, a, ) — a) (1)1- 
Lemma 5.3. The point P is contained in the surface T. 

Proof. It follows from Lemmas 12.141 and 15.11 that Pel unless 2 6 {13,24}. Therefore, we may 
assume that 2 € {13, 24} and P^T. Let us derive a contradiction. 

Let L be the curve in |Op(i )a ,r-a)(l)l- Then P L, because P T. Thus, there is a unique 
smooth irreducible curve C in the linear system |0p(i a ,r-a)(°)| that contains the point P. Put 

£)| B = ,5C + T = r/iL, 

where 5 is a non-negative integer, and T is an effective cycle such that C <f_ Supp(T). 

Arguing as in the proof of Lemma l2. 141 we see that 5 sj ru/a, which gives 5 < n by Lemma f5.ll 
It follows from Theorem 7.5 in [9] that (E, ^D\e) is not log canonical at P, which implies 

that the log pair (E, C + ~T) is not log canonical at P. It follows from Theorem 7.5 in [9] that 

rfj,/ (r — a) ^ (r/i — ad) /(r — a) = C ■ T ^ multp(T|c) > w, 
which implies that u ^ n(r — a)/r, which is impossible by Lemma 15. 11 □ 

It follows from [5] that T n E n U^ =1 C; ^ 3 6 {43, 46, 69, 74, 76, 79}. 

Lemma 5.4. The case 2 {13,24,32,43,46} is impossible. 

Proof. Suppose that 2 {13, 24, 32, 43, 46, 56}. It follows from the proof of Theorem 5.6.2 in [5] 
that there are s E N and H € | — sa\a^Ku\ such that multp(PP) ^ s, but H does not contain 
components of the cycle D ■ T passing through P that are different from the curves C\ , . . . , Ci . 
We have 2 € {69, 74, 76, 79} and P € u' =1 Cj, because otherwise we get a contradiction using 

saias I —nK\ -7— — r- I = D ■ H ■ T ^ multp(P))s > (n + n/r — /j)s. 

\ a[r — a) I 
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We may assume that P E C\. Put D-T = mCi+A, where m is a non-negative integer number, 
and A is an effective cycle, whose support does not contain the curve C\. Then it follows from 
the proof of Theorem 5.6.2 in [5] that there is a surface R ~ — saia^Ku such that 

saicis I —nK\ 7 — — r- I = R ■ A ^ multp(A)s > in + n/r — fi — m)s, 

\ a[r — a) J 

where s£N. The inequality obtained is impossible, because m ^ —ainK\ by Remark 12.121 
Suppose that 2 = 56. As in the previous case, there is H E \ — s2^K\j | such that 

s24(n/22 - /i/24) = D ■ H ■ T ^ mult P (l))s > (l2n/ll - fj)s, 

where s is a natural number. Now we can easily obtain a contradiction with a > n/r. □ 

Thus, to complete the proof of Lemma [2. 11\ we have to consider the cases 2 = 13, 24, 32, 43, 46 
one by one. For the sake of simplicity, we only consider the cases 2 = 13 and 2 = 43, because 
the remaining cases can be considered in a similar way. 

Lemma 5.5. The inequality 2 ^ 43 holds. 

Proof. Suppose that 2 = 43. Then X is a general hypersurface in P(l,2,3,5,9) of degree 20, 
and O is a singular point of type ^(1, 4, 5). The base locus of | — 2Kjj\ consists of two irreducible 
curves C and L such that L = T ■ E, and C is the curve among C%, . . . ,C\ such that C D L ^ 0. 

Suppose that P C . Then it follows from the proof of Theorem 5.6.2 in [5] that we can 
find a surface H £ | — s20Kjj\ that has multiplicity at least s > at the point P and does not 
contain components of D ■ T that pass through P, where s is a natural number. Then 

s20(n/18 - fi/20) = D H • T > mult P (Z))s > (lOn/9 - /x)s, 

which implies that u < n/9, but u > n/10. 

We see that P EC. Then M contains C and L. Put 

= m\L + m 2 C + A, 

where m\ and m2 are a non-negative integers, and A is an effective cycle, whose support does 
not contain L and C. Then 777-2 *s n by Remark 12.121 because a*(— iYx) ■ C = 1/9. 

The surface M is smooth at P. So it follows from Theorem 7.5 in [U] that the log pair 



^Im + (M/n- 1/9)^| 



77 

is not log canonical in a neighborhood of the point P, but = L+Z, where Z is an irreducible 
curve that does not pass through the point P. Therefore, the singularities of the log pair 

M, (mi/n + fi/n - 1/9)L + C + -A 

are not log canonical at the point P. So it follows from Theorem 7.5 in [9] that 

n/9 — /J, — 7714 + 777.2 = A • C ^ multp(Ajc) > n — mi — /i + n/9, 

because C 2 = — 1 and C • L = 1 on M. Thus, we have m,2 > n, which is a contradiction. □ 

Suppose that 2 = 13. Then r = 5 by Lemma [5721 The base locus of the pencil | —Kjj \ consists 
of two curves C and L such that C = E\t, and a(L) is the base curve of | — Kx\- Then 

C 2 = L 2 = -5/6, L ■ C = 1 

on the surface T. Put D\t = rhiL + rhcC + T, where tti^ and ttt-c are non-negative integers, 
and T is an effective cycle, whose support does not contain L and C. Then 

lln/5 - ll/j/6 = (6L + 5C) • (m L L + m c C + = llm C /6 + (6L + 5C) • T ^ llma/6, 

which implies that fhc ^ 6n/5 — /i. Thus, we have ttt-c < n 5 because fi > n/5. 
Suppose that P L. Then it follows from Theorem 7.5 in [9] that the log pair 

S, C + ^L + -T 

n n 

is not log canonical in the neighborhood of the point P, because fhc + n — n/5 ^ n, which implies 
that the inequality multp(T|(5) > n holds by Theorem 7.5 in [9]. Hence, we have 

5///6 + 5mc/6 ^ 5/i/6 — + 5fhc/6 = Y ■ C > n, 
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which is impossible, because fhc ^ 6/5 — fj,. Thus, we see that P = L n C . 

Put D\ff- = mL + f2, where m is a non- negative integer, and f2 is an effective cycle, whose 
support does not contain L. Then L 2 = 1/6 on the surface M. But m n by Remark 12.121 

Arguing as in the case F^Lwe see that multp(f2|^) > n by Theorem 7.5 in [9], and 

llra/30 - fj, = D-L = m/6 + Vt-L> m/6 + n, 
which implies that m < 0. So we have a contradiction, which completes the proof of Lemma l2.111 

6. Direct products. 

Let X be an arbitrary Fano variety with terminal Q-factorial singularities of Picard rank one, 
and T be a subgroup of the group Bir(X). 

Definition 6.1. The subgroup V C Bir(X) untwists all maximal singularities if for every linear 
system A4 on the variety X that has no fixed components there is £ E T such that the singularities 
of the log pair (X, \£(M)) are canonical, where A € Q such that Kx + = 0. 

It is well known that the group Bir(X) is generated by the subgroups V and Aut(X) in the case 
when the subgroup V untwists all maximal singularities (see pQ). 

Definition 6.2. The variety X is birationally superrigic@ (rigid, respectively) if the trivial sub- 
group (the whole group Bir(X), respectively) untwists all maximal singularities. 

The birational rigidity of X implies that there is no dominant rational map p: X — > Y such 
that dim(y) ^ 1, and sufficiently general fiber of the map p is rationally connected (see [1]). 

Example 6.3. It follows from [12] that the variety X is birationally superrigid and lct(X) = 1 
in the case when X is one of the following smooth Fano varieties: 

• a general hypersurface in P r of degree r 6; 

• a general hypersurface in P(l m+1 ,m) of degree 2m ^ 6. 

Definition 6.4. The subgroup F universally untwists all maximal singularities if for every 
variety U, and every linear system A4 on the variety X x U that does not have fixed components, 
there is a birational automorphism £ € T such that the log pair 

'f, Xt[M)\ F ) 

has at most canonical singularities, where F is a sufficiently general fiber of the natural projec- 
tion X x U — > U , and A is a positive rational number such that Kp + A£(7W)|_p = 0. 

Let X%, . . . , X r be Fano varieties of Picard rank one with terminal Q-factorial singularities. Put 

Ui = X\ x • • • x Xj_i x Xi x Xi + i x ■ ■ ■ x X r 

and V = X\ x • • • x X r . Let 7Tj : V — > Ui be a natural projection. 

For every i G {1, . . . , r}, suppose that lct(Xj) ^ 1, and there is a subgroup Tj C Bir(Xj) that 
universally untwists all maximal singularities. Then the following result holds^. 

Theorem 6.5. The variety X% x • • • x X r is non-rational, and 

r 

Bir(^Xi x • • • x X r \ = / JjTi, Aut^Xi x • • • x X r 

i=l 

for any dominant rational map p: X\ x • • • xX r -~> Y whose general fiber is rationally connected, 
there is a commutative diagram 

Xi x • • • x X r a — >■ X\ x • • • x X r 

i p 
y 

X h x • • • x X ik ■ > Y, 

where £ and a are birational maps, and ir is a projection for some . . . C {1, . . . , r}. 
It is well known that Theorem 16.51 is implied by the following technical result (see [12]). 



4 There are several similar definitions of birational superrigidity and birational rigidity (see [5], [I]). 
^The assertion of Theorem 16.51 is proved in [12] for smooth birationally superrigid Fano varieties. 
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Proposition 6.6. For every linear system A4 on the variety V such that 

• the linear system A4 does not have fixed components, 

• the linear system A4 does not lie in the fibers of the projections 7ri, . . . , 7iy, 

there are k € {1, . . . , r} ; birational map £ £ 111=1 F» anc ^ a positive rational number /x suc/i i/iai 

• t/ie inequality 

• £/ie equivalence Ky + /i£(.M) = 7r£(.D) holds for some nef Q- divisor D on U^. 

Proof. Let be a sufficiently general fiber of 7Tj. The subgroups Ti, . . . , T r universally untwist 
all maximal singularities for every % = 1, . . . , r. So there is £ € 111=1 such that the log pairs 

(fx, mt(M)\ Fi ), (f t , i+Z[M)\ Fr ) 

are canonical, where \i{ is a rational number such that 

K v + mt{M) =7r*(Di), 

where Di is a Q-divisor on U{. Then there is m E {l,...,r} such that D m is nef. 

Now arguing as in the proof of Theorem 1 in [12], we see that k(V, /ifc£(.M)) ^ 0. □ 

Let X be a general quasismooth hypersurface in P(l, a±, 02, 03, 04) of degree ^* =1 aj with 
terminal singularities, where a\ ^ 02 ^ 03 ^ 04. Then X is a Fano threefold, whose divisor class 
group is generated by —Kx- The possible values of (01,02,03,04) are given in Table 5 in [7]. 

There are finitely many non-biregular birational involutions ti, . . . , G Bir(X) explicitly con- 
structed in [5] such that the following result holds (see [5]). 

Theorem 6.7. The subgroup (n, . . . , Tfc) universally untwists all maximal singularities. 

Hence, the following two examples follow from [TO], [3], [12] and Theorems 11.31 [675l 16.71 

Example 6.8. Let X be a general hypersurface in P(l, 1, 4, 5, 10) of degree 20, and U be a general 
hypersurface in P(l n+1 ,n) of degree 2n ^ 6. Then Bir(X x U) ^ (Z 2 * Z 2 ) Z 2 . 

Example 6.9. Let X be a general hypersurface in P(l, 1, 2, 3, 3) of degree 9, and U be a general 
hypersurface in P r of degree r ^ 6. Then 

Bir(x xf/)^ (a,b,c \ a 2 = b 2 = c 2 = {abcf = lj. 
It follows from [5] that Aut(X) ^ Bir(X) for exactly 45 values of (01,02,03,04). 

References 

[1] I. Cheltsov, Birationally rigid Fano varieties 

Russian Mathematical Surveys 60 (2005), 875-965 
[2] I. Cheltsov, Elliptic structures on weighted three-dimensional Fano hypersurfaces 

Izvestiya: Mathematics, to appear 
[3] I. Cheltsov, J. Park, Weighted Fano threefold hypersurfaces 

Journal fur die Reine und Angewandte Mathematik, 600 (2006), 81-116 
[4] I. Cheltsov, J.Park, Halphen pencils on weighted Fano threefold hypersurfaces 

|arXiv:math.AG/0607776] (2006) 
[5] A. Corti, A. Pukhlikov, M. Reid, Fano 3-fold hypersurfaces 

L.M.S. Lecture Note Series 281 (2000), 175-258 
[6] J.-P. Demailly, J. Kollar, Semi- continuity of complex singularity exponents 

and Kahler-Einstem metrics on Fano orbifolds 

Annales Scientifiques de l'Ecole Normale Superieure 34 (2001), 525-556 
[7] A. R. Iano-Fletcher, Working with weighted complete intersections 

L.M.S. Lecture Note Series 281 (2000), 101-173 
[8] Y. Kawamata, Divisorial contractions to ^-dimensional terminal quotient singularities 

Higher-dimensional complex varieties (Trento, 1994), de Gruyter, Berlin (1996), 241-246 
[9] J. Kollar, Singularities of pairs 

Proceedings of Symposia in Pure Mathematics 62 (1997), 221-287 
[10] H. Matsumura, P. Monsky, On the automorphisms of hypersurfaces 

Journal of Mathematics of Kyoto University 3 (1964), 347-361 



'The number k(V, n^(A4)) is a Kodaira dimension of the movable log pair (V, jj,^(A4)) (see pQ). 



FANO VARIETIES WITH MANY SELFMAPS 

[11] A.Nadel, Multiplier ideal sheaves and Kahler- Einstein metrics of positive scalar curvature 

Annals of Mathematics 132 (1990), 549-596 
[12] A. Pukhlikov, Birational geometry of Fano direct products 

Izvestiya: Mathematics 69 (2005), 1225-1255 
[13] G.Tian, On Kahler-Einstein metrics on certain Kahler manifolds with Ci(M) > 

Inventiones Mathematicae 89 (1987), 225-246 



School of Mathematics 
University of Edinburgh 
Edinburgh EH9 3JZ, UK 

I . CheltsovOed . AC . UK 



